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FOREWORD 

In  many  practical  problems  of  electromagnetic  theory  the 
sources  producing  the  electromagnetic  field  have  a  sinusoidal 
time  dependence.   It  is  then  assumed  that  the  resulting  electro- 
magnetic field  also  has  this  time  dependence  and  the  resulting 
problem  then  becomes  a  simpler  problem  which  is  essentially 
time  independent. 

It  has  been  long  assumed  that  this  method  of  analysis 
yields  the  steady  state  solution.   However,  it  was  not  until 
recent  time  that  attempts  were  made  to  prove  this  fact.   Because 
of  the  continuing  interest  in  this  problem  the  Division  of 
Electromagnetic  Research  felt  it  would  be  worthwhile  to  publish 
this  translation  of  a  paper  by  the  Soviet  scientist  D,  M.  Eidus, 
This  paper  by  Eidus  treats  the  problem  in  the  greatest  generality 
which  has  yet  been  lindertaken.   Since  he  considers  a  very 
general  equation  and  boundary  his  results  contain  and  extend 
the  results  of  other  workers  in  this  field. 

A  parallel  problem  also  considered  by  Eidus  in  this  paper 
concerns  the  principle  of  limiting  absorption.   In  practical 
problems  this  principle  states  that  if  a  boundary  value  problem 
is  solved  for  a  medium  which  is  slightly  conducting  and  then 
the  conductivity  is  allowed  to  approach  zero  the  resulting 
limit  of  the  solution  is  the  solution  of  the  same  boundary 


value  problem  in  a  non-conducting  medium.  This  principle  ia 

important  since  it  is  often  simpler  in  the  mathematical  analysis 

to  introduce  an  artificial  conductivity  in  order  that  a  solution 
may  be  more  readily  analyzed.   Again  the  vjork  of  Eidus  on  this 
problem  is  the  most  general  available. 

Because  of  the  v/idespread  interest  in  this  paper  the 

translation  was  performed  and  reproduced  as  a  service  to  interested 
scientists. 


ON  THE  PRINCIPLE  OF  LIMITING  ABSORPTION 
D.  M.  EIDUS  (LENINGRAD) 

We  shall  consider  an  elliptic  equation  of  the  form 

(x)u  =  Au  +  f(x)        (1) 


.fe  4  (^-'^'%)  ^  ^' 


in  an  infinite  region  O  of  the  m-dimensional  space  R^  subject 
to  the  boundary  condition 

uir=  0    .  (2) 

Here  P    is  the  boundary  of  the  region  O  and  A  is  a  point  in  the 
continuous  spectrum  of  our  operator,  being  considered  in  the 
complex  space  L  (O) .   For  the  boundary  value  problem  formulated 
as  such,  uniqueness  of  the  solution  does  not  hold.   Moreover 
the  existing  solutions  do  not  in  general  belong  to  L^{Ci)  .      The 
principle  of  limiting  absorption  consists  in  the  following: 
The  solution  of  the  boundary  value  problem  is  defined  as  the 
limit  as  £  — }  0    (or  as  e  — >  -O)  of  solution  of  the  equation 

gu  =  (A+£i)u  +  f    ,  (5) 
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Infinity  like  |  x  |  ~  ^  •^''"°'  ,  where  a  >  2"  (here  and  in  what  folic 


which  satisfy  condition  (2)  and  belong  to  L_(0) . 

This  principle  requires  justification.   Namely,  it  should 
be  proved  that  the  limit  mentioned  exists  and  is  a  solution  of 
the  boundary  value  problem  (l),  (2).   In  [l]  and  [2]  A.  G. 
Sveshnikov  carried  out  this  demonstration  for  the  equation 
-Au  =  Au  +  f  in  the  layer  between  two  parallel  planes  and  in 
an  infinite  cylinder.   In  [5]  A.  Y.  Povzner  considered  the  case 
of  the  equation  -Au  +  qu  =  Au  +  f  in  the  whole  space  R^.   The 
function  q(x)  was  assumed  to  be  continuous  and  decreasing  at 

-OWS, 

|x|  denotes  the  distance  of  the  point  x  from  the  origin). 

The  present  work  is  concerned  with  the  case  of  a  region 
with  a  finite  boundary  and,  in  addition,  with  the  case  where 
the  infinite  part  of  the  boundary  is  cylindrical.   Beside  the 
principle  of  limiting  absorption,  we  shall  also  consider  the 
well-known  principle  of  limiting  amplitude.   The  basic  results 
of  the  present  work  were  formulated  in  the  note  [4], 

Introduction 

We  shall  assume  that  the  functions  a,  «(x),  where 
a.-,  p   =  sl„,,    are  real  and  continuously  dif f erentiable  in  Q  +  P  . 
Moreover  for  any  vector  ^  =   4  .l^,...,!^  and  any  point  x  e  O 
we  shall  assume  the  inequalities 


^^^a^,  4^r,  >cj|| 


(t) 


ill 

k,i=l 


-k^^k^i-^  (1-1)1^1 


(5) 


are  satisfied.   Here  M(r)  Is  some  positive  function,  defined 
2 


for  r  >  0,  for  which 


[M(r)]    dr 


(6) 


We  shall  assume  the  function  q(x)  is  real,  measurable  and 
bounded  in  any  finite  subregion,  and  in  O  also  satisfies  the 
Inequality 

q(x)  >  c„ 


(t: 


The  function  f(x)  we  will  consider  to  belong  to  L  (Q) 


We  put 


u  =  gu  -  qu 


where  q(x)  =  q(x)  +  | Cp I  +1  (then  q(x)  >   l) .   Let  J  be  the 
totality  of  all  functions  u  e  wj,"^^{0),  for  which 

E(u,u)  = 


■r C)U    Bu    ,     ^    ~- 

tl^l     ^^^    ^  ^     '^'''' 


dX  <  00 


We  Introduce  on  J  the  scalar  product  E(u,v).   Then  J  is  a 
complete  Hllbert  space.   Note  that  if  the  functions  a,  ^  and 
q  are  bounded  In  O,  then  the  norms  In  the  spaces  J  and  W^   (O) 
are  equivalent. 

We  shall  denote  by  Wp   (co)  the  class  of  functions  which 
are  defined  In  the  region  oo  and  belong  to  Wp   (ao')  for  any 
compact  subset  oo '  of  cd.   We  will  make  use  of  the  following 
well-known  Inequality  (see  [6]  ),  holding  for  functions 
4>  e  W^^^co")  : 

IIHIw(2)(a..)  <C3  [lhllL^(,-)  +  llgo*NLp(a>")] 

Here  cd'  Is  a  finite  interior  subregion  of  the  region  cd"  and 

the  constant  c^  depends  on  cd'  and  cd". 

Let  the  region  cd  be  bounded.   As  usual  we  introduce 
o 
the  class  D(co)  ,    obtained  by  completing  under  the  metric  of 

Wp   (o))  the  set  of  functions  which  are  defined  in  cd  and  each 

of  which  vanishes  in  some  boundary  strip.   We  denote  the 

sphere  of  radius  p  centered  about  the  origin  by  S  .   Let  O 

be  the  part  of  O  contained  in  S  ,  and  tJT     be  the  part  of  S   ' 

o  P     o   P  P 

belonging  to  O  +  f*  .   We  put  D(0  )  =  D  and  introduce,  in 

o ,  P     P 

addition,  the  class  D  as  the  completion  under  the  metric  of 
P 

Wp   (n  )  the  set  of  functions  which  are  defined  in  O  and 
each  of  which  vanish  in  some  strip  along  P  (the  strips  in 
question  depend  on  the  function) . 


(8) 


We  set  Ip  =  Dp  n^^^^UOp),    ^  =  Dp  0  W^2)(^^)^ 


LEMMA  1.   Le^  u  e  f^^^  '  Sq^  ^  ■'"2^'^p+2^  *   '^^^ 


I  1^1  1(1),  ,    1   ^4^?) 
W^-^MOp)     ^ 


lull         +  llg^ull   ^     ^ 


(9: 


Proof:   We  Introduce  the  function  b  (r),  where  r  =  jxj, 
in  the  following  manner: 


b  (r)  =  1  for  r  <  p 
b  (r)  =  sin  (p-r+l)|^  for  p  ^  r  _^  p  +  1 


b  (r)  =  0   for  p+l^r^p+2. 


We  put  V  =  t»  u,  then  v  e  ^.o*   W©  have: 


/  vg^udx=  f      5Z:  a,^.  I^l^dx, 


^      ^°""'  ^^   kfi^l   ^^  ^V^ 


p+2 


r      in 


p+2 


5u  5u 
k^  dx,  6xn 


dx 


r  m 


ki  dx^dx^  ^ 


P+2 


p+2 


+  J      bpug^udx 
%+2 


p+2 


p+2  p+2 


dx. 


where  5  Is  any  positive  number.   Making  use  of  the  Inequality 


grad  b  j^  Trb  . 


It  follows  that 
m 


p  du 


kfl^l   ^^  ^^k  ^^^ 


C5(p)bp 


Su  Su 


^ « 


Then 


^      ^u  Su 


dx 


<l|i|   |u|2dx  +  i/   |g„u| 


"dx 


P+2 


p+2 


Setting  6  =  c~  ,  we  obtain: 


au 

35r 


dx 


1  c^(p)     y^       ||u|2  +    |g^u|2|dx 


p+2 


,E.D. 


We  now  define  the  class  D  In  the  following  manner:   Me 

o 
shall  consider  a  function  4)  to  belong  to  D  If  It  Is  defined 

In  O  and  If  there  exists  a  sequence  of  functions  *   e  Wp   (O) 

vanishing  In  a  strip  along  P  >    such  that,  In  any  region  Q  , 

<t^  ->  4)  in  W^^^O  ). 


We  put  J  =  D  nw^   (O).   We  will  say  that  the  sequence 
e  ^  converges  In  the  sense  (J)  to  the  function  *,  if_ 


*  — ^  4)  Is  any  finite  Interior  subreglon  oo'  In  the  metric  of 


*  In  any  region  O  In 


W^  ■'(03')  and  If,  In  addition,  <i>^ 

the  metric  W^   (O  )  (obviously,  then  *  e  |^)  . 

We  define  on  the  functions  *  e  ^  the  differential 
operator  G"  with  the  aid  of  the  equation  G*  =  g*  and  replace 
the  boundary  value  problem  (l),  (2)  by  the  equation 


Gu  =  Au 


f  . 


We  Introduce  the  class  P  In  the  following  manner:   u  s  P  If 
u  £  J  n  ^2      ^^^  ^^^  Su  e  L2(0) .   Let  D  =  D  H  J,  and  (*,^) 
denote  the  scalar  product  In  L  (O) .   We  Introduce  the  notation: 


E  (u,v) 


5u  ^v 


quv 


dx. 


LEMMA  2.   Let  u  e  P,  v  e  D.   Then 


(gu,v)  =  E(u,v) . 


Proof:   Since  u  e  W^   (^) ^  then  for  almost  all  p  >  0  the 


function 


k=l 


Su 


Is  Integrable  on  O"  .   For  each  of  these 


p,    there  holds  the  equality 


V  gu  dx 


Ep(u,v), 


(11) 


where  a,  =  ^Sc  .   Equality  (ll)  is  first  proved  for  functions  v 
which  vanish  near  \       ,    and  then  In  the  general  case.   It  follows 
from  Inequality  (5)  that: 


,1  ^ki°^k  35^7  d<^ 


I  ^/W9T  J 


|v| 


k7F"l 


Su  ^u 


'ki  dx,  dx^ 


do-  . 


From  this  Inequality  and  condition  {G) ,    it  follows  that  the 
exists  a  sequence  p   — >  co  such  that 


— ^  0  as  n 


Passing  to  the  limit  in  (ll),  we  obtain  the  proof  to  our 

assertion. 

o 
We  now  put  F  :=  P  H  D  and  define  on  F  the  operator  G  in 

the  space  IjAO)    with  the  aid  of  the  equation  Gu  =  gu.   It 
follows  from  lemma  2  that  G  is  a  symmetric  operator.   We  re- 
place the  boimdary  value  problem  (5)j  (2)  by  the  equation 


Gu  =  (A+ei)u  +  f . 


(12) 


It  now  follows  from  the  symmetry  of  G  that  equation  (12), 
where  e  ^   0,    cannot  have  more  than  one  solution. 

LEMMA  5«   In  each  region  O   there  exists  a  unique  solution 
of  equation  {j>)  ,    where  e  ^   0,    belonging  to  the  class  ^. 

Proof:   The  uniqueness  Is  obvious.   We  will  show  that  a 
solution  exists.   Let 

|q(x) I  <  c^ 

In  O  ,    where  Cj-  depends  on  p.   Then  there  exists  a  sequence  of 
continuously  dlf f erentlable  functions  fj-,(x)  and  q„(x)  in  Q 
such  that  f  — >f  and  q  — )  q  In  measure  In  O  ,  and  also 


kn^^^  I  -  ^5 


(see  [7] .   We  shall  put 


and  Investigate  the  equation 

g^u  =  (A+£l)u  +  f^.  (13) 

With  the  aid  of  the  method  of  finite  differences  It  can  be  proven 
that  for  any  n  there  exists  a  solution  v   of  equation  (13)  which 
belongs  to  ^  (see  [8],     From  (13)  It  follows  that: 

^  f     IvJ^dx  =    -    ^    f     f7^dx, 

Q  b 

P  P 


10 

which  Implies  that  the  norm  |  |  v  |  |  / -,  \      is  uniformly  bounded 

with  respect  to  n.   Then,  according  to  a  well-known  theorem  of 
V.  I.  Kondrashova  [9],  it  is  possible  to  select  a  subsequence 

V  from  V  which  converges  in  L„(0  )  to  some  function  v  (hence- 
n,        n  •=       2   p 

k 

forth  the  index  k  will  be  dropped). 

Let  *  =  f   -  q  V  ,  then  in  L^{Ci    )    *^  — )  <i> ,    where  *  =  f  -  qv. 
It  follows  from  the  equations 

So^n  =  ^^  +  "^^^n  +  *n 
that  I  I V,  -V  J  I  /-.I     — >  0  as  k,i  ^  CO.   That  is  the  same  as 

(1)  ° 

V  — ^  V  in  Wp   (n  )  and  v  e  D  .   From  (8)  and  (l4)  we  have 

I  I  V,  -V  J  I  1  r^\  — )  0  as  k,  i  — )  00,  where  oo  '  is  any  compact 

subset  of  O  .   Then  v  — ^  v  in  W^   ^"^ ' )  >  whence  v  £  Cj .   Passing 
to  the  limit  in  (l4),  we  see  that  v  satisfies  equation  {3) 
almost  everywhere  in  O  . 

Q.E.D. 


The  function  v  constructed  above  depends  on  p.   Therefore 
in  what  follows  it  will  be  denoted  by  v^  .   We  shall  introduce 


the  functions  u^^   in  O  in  the  following  manner; 

u^P^  ^  V^P)  in  Op, 

u^P^  =  0  in  0-0  . 
Then  u^P^  e  D. 


11 

We  pass  to  solving  equation  (12). 

THEOREM  1 .   Let  e  4  0  •   Then  u^^'    — >uasp  — >oo  In  the 

sense  of  convergence  In  the  space  J  and  also  In  the  sense  of 

( P) 

convergence  In  Wp  '{(x>^),  where  co '  is  any  finite  Interior  sub- 
region  of  the  region  O.  The  limit  function  also  belongs  to  F 
and  satisfies  equation  (12)'^. 

Proof:   As  above,  it  is  established  that  the  norm  of 
u  P   in  L  (O)  in  uniformly  bounded  with  respect  to  p,  and 
thereupon  is  also  in  the  norm  of  u^^^  In  J.   From  that  it 
follows  that  there  exists  a  sequence  p   — >  co  such  that  u 
converges  in  any  selected  region  O  in  the  sense  of  Lp(Q  )  to 
some  function  u.   Henceforth  we  will  write  u   in  place  of  u 
Choose  some  p  ^  0.   Let  u  ^  =  u,  -u.  and  the  numbers  k  and  I   be 
so  large  that  p,  >  p  and  p.  >  p.   Then,  by  virtue  of  lemma  1, 
2 
dx  <  cg  j    fl^ki'^^  |gu^^|^]dx. 


m 


Q 


J-1 


^^k^ 


o 


P  P+2 

The  convergence  of  u   in  any  region  Q     in  the  sense  of  W    (O  ) 

Po  P 

follows  from  (15).   Consequently,  u  e  D.   The  boundedness  of 

I lu^l I  T  implies  that  u  e  J. 
n   d 

Then  in  exactly  the  same  way  as  in  the  proof  of  lemma  3j 
we  have  that  u   converges  in  any  finite  interior  subregion  cd' 
in  the  metric  of  W^^^(od').   From  that  it  follows  that  u  £  W^^MO) 
and  (3)  is  satisfied  almost  everywhere  in  Q.   By  the  same  token 
u  belongs  to  F  and  satisfies  equation  (12). 

It  remains  to  prove  that  u  — )  u  in  J.   The  boundedness  of 
I |u  I  L  /^N  and  the  equations 


12 


O  O 

imply  that  u  — )u  in  Lp(n).   Then  it  follows  from  the  equations 

E(u^,u^)  =f    u^gu^dx, 
O 


!(u,u)  -    /  u  gudx 


that  E(u  ,u  )  — ^E(u,u),  which  implies  that  u  — ^u  in  J.   By 

virtue  of  the  uniqueness  of  the  solution  of  equation  (12),  we 

^^'   ^  u  as   p  — ><». 

Q.E.D. 


have  u 


The  self-adjointness  of  the  operator  G  follows  from  theorem 
1.   The  self-adjointness  of  G  in  the  case  g  =  -A,  O 
first  proven  in  Carleman  [lO]  and  Priedrichs  [ll]. 


R-,  was 


THEOREM  2.   Let  the  functions  a  „,  q  satisfy  the  conditions 
enumerated  above  and,  in  addition,  satisfy  the  inequalities 


aa 


ki 


"53r 


l^lcJ  -  ^S'^l 


(16) 
(17) 


13 


in  O.   Then  each  function  u,  satisfying  the  conditions 
u  e  I;  n  L^CO)  ,  gu  e  L^CO)  ,  belongs  to  J. 

Proof:   We  may  consider  the  function  u  to  be  real.   Put 
V  =  u  in  equation  (ll).   Then 


E  (u,u)  =  r  u  gu  dx  =  B  , 


"p 


where 


=P 


>     a,  .a,  ^ii—  d  cr  . 


P 
Obviously,  it  is  sufficient  to  prove  that 


lim  B  ^  0. 
p->  +  a.  P 

Assuming  the  contrary,  we  have  that  for  all  p^p,B  ^c>0 


where  c  does  not  depend  on  p; 


p  1  r   2     "^  1  r  2     "^ 


CTp 
^O 


■k«     „     '^"k  1  ,    .        r    2 


p  p 


Prom  this  it  follows  that,  for  sufficiently  large  p, 
/  u^d  cr  >  c,,  >  0, 


J  -    '11 

o-p 


14 


but  that  contradicts  the  fact  that  u  e  Lp(n) 


Q.E.D. 


It  follows  from  this  theorem  that  If  the  coefficients 
a,    r,   satisfy  conditions  (l6)  and  (17)^  then  the  domain  of 
definition  F  of  the  operator  G  Is  represented  by  the  totality 
of  all  functions  u  satisfying  the  conditions  u  e  ^  O  L  (O)  and 
gu  e  Lp(0).   An  analogous  result  In  the  case  g  =  -A,  Q  =  R^ 
was  obtained  by  Frledrlchs  [ll]. 

THE  PRINCIPLE  OF  LIMITING  ABSORPTION  FOR  A  REGION  WITH 
A  FINITE  BOUNDARY 

In  the  present  paragraph  the  classical  existence  and  uni- 
queness theorems  for  the  solution  of  the  exterior  Dlrlchlet 
problem  for  the  Helmholtz  equation  are  carried  over  to  more 
general  equations,  considered  In  an  Infinite  region  with  an 
arbitrary  finite  boundary.   In  this  connection  the  above- 
mentioned  result  of  A.  Y.  Povzner  [3]  Is  extended  and  sharpened. 
For  the  sake  of  simplicity,  we  shall  In  Sections  2,  3  limit 
ourselves  to  the  case  m=3« 

Let  us  assume  that  there  exists  a  sphere  S   such  that  the 

Po 
boundary  P  lies  within  S   ,  and  outside  of  S 

Po  Po 

|q(x)|  1  o^^\x\-^^+^\ 
|f(x)|  lc^3lx|-(5+P^ 
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where  a 


P 


.^  It  is  well-known  [12],  that  then  all 


points  'K    ^  0   are  points  of  the  continuous  spectrum  of  the 
operator  G,  but  for  A  <  0  the  spectrum  Is  discrete.   We  shall 
denote  by  A  the  set  of  all  positive  values  of  A  which  are 
points  of  the  continuous  spectrum  of  G. 

LEMMA  ^.      Let  the  function  *  e  L„(Q)  and  for  p  >  p 
there  holds  the  inequality 

ri*(x)|2dSio,,p-'^+2h)_ 


where  h  ^  0  Is  a  constant.   Then  for  the  function 


Q(x 


<-'       I  v_-(r  I 


o 


n^^yr 


dy. 


where  |x-y|  is  the  distance  of  the  point  x  from  the  point  y, 
there  holds  the  Inequality 

2         -2h. 


^Q 
BF 


dS  <  c^^p 


where 


t'N 


|x|. 


Proof:   It  follows  from  the  inequality 


|*{x) |dx 


Q-O 


dx 
2+h 


*(x)|V+^dx 


Q-O 


O-O 


i6 


that 


f     |*(x)| 


dx  1  c^g  p' 


(21) 


O-O, 


Let  the  point  x  belong  to  the  region  O-O  .   Then 


O-O 


x-y 


dy 


r= 


dy  ^ 


oi,   U-yriyl-'oi. 


|yP^'"l*(y)|2dy. 


But,  as  It  Is  easily  seen^  there  holds  the  Inequality 

C- 


^Z. 
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I    |2i  i3+h  -  2  h   ' 

qJq  |x-yl  lyl     ]^  p 


whence 


|x-y|       rp 


O^ 


2 
We  now  set  p  =  r    .   Then 


(22) 


(23) 


SQ 

3F 


dy 


dy 


O-O  -K 
P   X 


!^(x)  -  J^^ix)    +  £^U)    -   Hi^U)    -   £^ix). 
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where  K   Is  sphere  of  unit  radius  with  center  at  the  point  x. 
The  estimate 

%^  -  1  =  0  (14 

Implies  that  ^   ^h+2" 

^^(x)  =  0|  r  ~^^ 

By  virtue  of  (23),  the  same  estimate  holds  for  -^^(x)  and  ^^{x). 
Obviously,  £^ix)    =  o(^J  .   Then 


J     \i-^+Ji^+£^+£^\^-DS   =   olr        A 


Let  us   now   consider   £r-ix)  .      Let  O     =  O      .,    -  Q      ,. 
5  r  r+1  r-1 


U5(x)|2<c^3    /    MiUlay 


Or    I  I  2 


f   U3(x)|2dS    1  c^5     f      h(y)2|dy     T    — i-3^   dS^, 


^dS^  =   ^   [(r+|y|)2    _    |r-|y||2]    1  c^q  y/F 


S^  2 

^    |x-y| 


whence 
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S 


u^(x)rds  =  0  [ 


,fr-p^-)). 


r 

Q.E.D. 

Lemma   4  refines  a  theorem  of  A.  Y.  Pevsner  {[^], 
pp.  141-143). 

THEOREM  3.   Let  A  e  A.   Then  a  solution  of  equation  (lO), 
satisfying  the  radiation  condition 


lim 

P  -^  ~  '  S 


r  1^  -  1  v/AllI  dS  =  0,  (24) 


^ 


P 
is  unique. 

Proof:   Let  u  be  a  solution  of  the  equation 

Gu  =  Au,  (25) 

satisfying  condition  (20)  .   We  will  first  show  that  u  e  L2(0). 
Let  p  >  p  .   Then,  in  view  of  the  fact  that  u  e  J,  we  have: 


/  au       -  SuA 


dS  =  0. 
\  or      or  y 


This  and  the  identity 
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imply 


/'i|%Mul 


2         |Su 


-    i  \A"  u 


^P^ 


dS   =  T    (u). 


where 


Tp(u)    = 


1    V^    U 


dS. 


(26) 


It  follows  from  (24)  that 


11m    I 
P  ->  -  i  . 
P 


+  a|u| 


dS  =  0. 


(27) 


Let  X  e  O-O   .   With  the  aid  of  (2?)  it  is  not  difficult  to 
Po 

prove  the  equality 

u(x)    =   Q^(x)    +   Ql^ix)  , 


where 


Ql(-)    =        k     f 


v^l^^-y'    au(y)  ,     .a     /ei^f1x-y| 

l^T^n 5^-  -   ^^y^^  |x-y| 


(28) 


dS(y) 


^^U)    =    -   ^ 


Q-O 


i^|x-y|   ^  ^  ^  ^ 
|y^_y| q(y)u(y)dy. 


and  V  is  the  normal  to  the  sphere  S   directed  toward  the  origin, 

'   ^o 
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Obviously  Q^{x)  =  o[~],    ^  (Q-^)  =  o(-^)  •   Moreover,  by 
virtue  of  the  fact  that  q  =  0(r"^^"^M,  we  have: 


2      c, 


Po  Po 

whence  Ql^iyi)    =   of-J  and,  consequently,  u(x)  =  ofi]  .   We  set 


rp(u)  =^^  lul^dS. 


^P 


We  shall  Introduce  the  sequence  7,  In  the  following 


2 ( 7^+a ) 
7^  =  0,  7,         ^ 


o     '  ^k+1   2+7i^+a   ' 
and  put  7  ==   p-^   Va'"+8a  -  a]  .   It  Is  not  hard  to  prove  that 


7i^  <  7,  7i^  "^  '*'k+l'  ^^  follows  from  these  inequalities  that 
7i^  — >  7,  as  k  — >  00.  Since  a  >  t-,  then  7  >  -p.  Without  loss 
of  generality  we  may  assume  that  a  <  1.   Then  7  <  1,  whence 


We  shall  prove  now  that,  for  any' k,  there  holds  the 
relation 

Tp(u)  =  0(p"  ^^).  (29) 

For  k  =  0  (29)  is  proved.   Let  us  assume  that  for  some  k  (29) 
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Is  correct.   Then,  setting  *  =  qu,  we  obtain: 

-(4+2a+27^)  -27v^n 

t(*)=0(p         ^    ).      By  virtue  of  lemma  4,  T  (Q^)  =  0(p    ^^^', 

-27 
whence  It  follows:   T  (u)  =  0(p    ^^-^)  .      By  virtue  of  (26), 

-27 
1    (u)  =  0(p    '^"^-^).   Hence  the  proof  of  (29)  Is  completed. 

Taking  k  sufficiently  large,  we  have  from  (29),  that 

T  (u)  =  0(p"^),  where  5  >  1.   Thus  u  e  L2(0).   By  virtue  of 

theorem  2,  u  e  F,  whence,  since  A  e  A,  It  follows  that  u  =  0. 

Q.E.D. 


We  now  pass  to  the  justification  of  the  principle  of 
limiting  absorption.   We  will  prove  that  there  exists  a 
solution  of  equation  (lO)  satisfying  condition  (24). 

THEOREM  4.   Let  A  e  A.   Then  the  solution  u^  of  equation 
(12)  tends  to  a  solution  u  of  equation  (lO)  in  the  sense 
(J)  as_  e  — >  +  0,  and  u  satisfies  condition  (24)  .   Moreover, 
u  — }  u  uniformly  in  any  finite  interior  subreglon. 

Proof:   We  will  establish  first  that  the  Integral 


'    r^       l+lx|l+« 


is  uniformly  bounded  with  respect  to  e,  provided  1  ^  e  ^0. 

Let  us  assume  the  contrary.   Then  for  some  sequence  £  — ^  +  0, 

H(u   )  — ^  c».   In  what  follows  we  shall  drop  the  index  n.   We 
n 
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put 


Then 


v^  =  [H(u^)]-^/2  ^^^ 


H(vJ  =  1,  (30) 

(A+el)Vg  +  V'gj  (31) 


where 


^^  -  [H(u^)]  ^/^f.   It  follows  from  (30)  that 


Hv  J^dx  1  1  +  pl+«.  (32) 


Or 


From  lemma  1  and  Inequality  (32)  we  have 


O 
P 


3 

HZ 

k=l 


av^ 


^ 


dx  <  C2^(p).  (33) 


It  follows  from  (32)  and  (33)  that  it  Is  possible  to  select 


O^  in  the  sense  of  L^  (O  )  to  some  function  v.   This  sub- 
P  ^   P 


(8)  and  lemma  1,  the  subsequence  v   converges  In  the  sense  (^) ; 
consequently,  v  £  ^.   From  (31)  we  have 

Gv  =  Av.  (3^) 

Set 

v/A+ei  =  T)  +  0"!, 
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where  o"  >  0  (then  i^  >  0  also)  .   Obviously  t]   — >  /a  and  <r  — )  0 
as  e  — >+  0.   Now  let  x  e  Q  -  ^p  •   Then  it  follows  from  (51), 
the  condition  a,  ^  =  5    In  Q  -  O  ,    and  the  Inclusion 
V   e  F  C  J  C  wi,^^  (O)  ,  that 

v^(x)  =  M^(x)  +  N^(x)  +  Q^(x),  ■  (35) 


where 


\(^)  =  WifJ 


(-<r+Tii)  |x-y|  hv    (y) 


a  f  e^-o'+'li)  Ix-yi 


V^^ 


~Sv- 


^e^y^  BVl  flF^TT 


(y) 


1    r         ^(-o^+Tli)  |x-y| 

(-)  =  w  j      ^ — ^i^n — ^-^^^^^^ 


(-r+rji)  |x-y| 


1     r     e^  -"-ri|x;  I  A-^  I 

(x)  =  -  i^  j    ^171 q(y)v£(y)dy. 


O-O 


In  view  of  the  boundedness  of  I  Iv  I  I  /„\    ,  where  oo  is  any 

^   W^2)(^) 

compact  subset,  by  a  theorem  in  [9]  the  norms  I |v^ |  L  ,„   x. 

dv^ 
I  1^ — I  It  (o   )  are  also  bounded.   Let  p   >  p  .   Then  for  a 

^o 

point  X  belonging  to  O-O   ,  there  holds  the  inequality 
Pi 


|M  (x)|  <  ^ 


c, 

-  Tx 


2h 


where  CpL  does  not  depend  on  x  and  s.   Moreover,  It  follows 


from  (19),  (20)  and  (30)  that 


|Q^(x)|2  <  C23  / 


Jy. 


0-0 


I  2 1  I 3+a 
x-y|  lyr 


Ivs^y)!-^  dy  <  '26 


o-Op  |y| 


l+a 


Ul 


|N^(x)|  <  c^^  ^ 


iLL 


Q-O 


|x-y|.|y| 


3+P 


=28 


Prom  (35)  we  conclude 


Ivjx)l  <^  . 


(36) 


It  follows  from  embedding  theorems  for  three-dimensional  space 
that  V  — )  V  uniformly  in  any  finite  interior  subregion.   Con- 
sequently, the  function  v(x)  also  satisfies  inequality  (36). 
We  see  from  (36)  that  uniform  convergence  holds  in  any  finite 
interior  subset.   Moreover,  it  follows  from  (36)  also  that 


H(v^-v)  — ^  0,  hence 


H(v)  =  1. 


(37) 


Let  us  put 

mx)  =  IJ 


S   ^ 


■         ■    -^^  -  ""^^^W  [      |x-y|  ) 


nWt 


"^v- 


dS 


(y)- 


Q(x)  = 


W 


O-Q 


it/Xix-y 
|x-y| 


q(y)v(y)dy. 
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Inequality 


|Qg(>c)    -   Q(x)|    1  c^Q      ^ 


Iv,-v| 


Q-Q 


|x-y| • |y 


2+a 


dy 


^31'    -   <»"+  Ti 


VXll 


O^ 


(_T+rii-  >/ai)  |x-yl_^ 


(-'T+Tii-  y/Xi)  |x-y| 


y| 


5+a 


dy 


implies  that  Q  (x) 


Q,(x)  for  any  point  x  e  O  -  O   .   Anal- 


ogously  we  obtain  M  (x) 
from  (35)  that 


M(x)  and  N^(x)  — >  0.   It  follows 


u(x)  =  M(x)  +  Q(x). 

From  this  and  lemma  4  we  conclude  that  the  function  v  satisfies 
condition  (24).   Theorem  3  and  (34)  imply  that  v  =  0  in  Q,  but 
this  is  a  contradiction  to  equation  (37).   Thus  the  inequality 


H(u^)  <  c^2' 


is  proven.   Using  this  inequality,  we  now  apply  to  u   the  same 
argument  that  was  applied  above  to  v  .   Hence  it  is  possible 


to  select  subsequence  u   from  u  ,  where  £ 


-  0,  converging 
in  the  sense  (f^),  and  even  uniformly  on  any  infinite  interior 


subset,  to  some  function  u  satisfying  equation  (lO)  and  condi- 
tion (24).   It  follows  from  theorem  3  that  not  only  u   — )  u, 

^n 
but  also  u  — )  u  for  e  — ^+  0. 


,.E.D. 
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Remarks . 

1)  It  follows  from  our  argument  that  u  -^  u  In  the  sense 
the  metric  defined  by  the  Integral  H(u). 

2)  Let  us  denote  the  function  constructed  above  by 

u  (x) .   We  could  have  considered  e  — )  -0;  then  we  would  have 
obtained  In  the  limit  another  solution  u  (x)  of  equation  (lO) 
satisfying  the  radiation  condition 

r 

s. 


11m 

p  ■  >  -  J 


^+iV^u 


2 
dS 


P 

3)   We  shall  denote  the  solution  of  the  equation 
Gu  =  (m.+  el)u  +  f 


by  u^  (x)  .   Then,  with  the  aid  of  the  same  argument,  It  Is 
not  difficult  to  prove  that  If  A  e  A,  then  u^^'  — }  u  as 
£  — >  +  0,  li,  — }  A.   Analogously  we  have  u^^   — }  u  as  e  — >  -0, 
H  — >A. 

4)   Let  all  points  of  the  Interval  a  _^  A  _;^  b  belong  to  A. 
Then  for  each  A  e[a,b]  there  exist  the  functions  u  and  u_. 
These  functions  depend  on  x,A,  where  x  e  O,  A  e[a,b].   There- 
fore in  what  follows  we  shall  write  u  -   u  (x,A),  u_  -   u_(x,A) 
Reasoning  just  as  in  the  proof  of  theorem  4,  we  obtain  the 
inequality 
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r  iu^(x,A)|2 

/  — = T- dx  <  c^^.  (38) 

It  Is  clear  that  u^(x,A)  — ^u^(x,A  )  as  A  — ;>  A   in  the  sense 
{^)  ,    and  even  uniformly  in  any  finite  Interior  subreglon. 
From  this  it  follows  that  u^(x,A)  is  continuous  inOx[a,b]. 

5)  Let  u  (x,A)  be  the  solution  of  equation  (12),  con- 
sidered as  a  function  of  x  e  O  and  A  e[a,b].   It  follows  from 
remark  5  that,  as  e  — }   ±0,  u  (x,A)  — >u_^(x,A)  uniformly  with 
respect  A  £[a,b],  x  £  o),  where  co  is  any  interior  subreglon  of 
Q. 

6)  Let  E,  be  the  resolution  of  the  identity  generated  by 
the  operator  G.   Let  the  interval  [a,b]  C  A.   It  then  follows 
from  the  integral  representation  of  the  resolvent,  the  Stieltjes 
inversion  formula,  and  remark  5^  as  in  A.  Y.  Povzner  [3] 

(pp.  152-153),  that 

^(E^r)  -  ^  eu,^) ,  (39) 

Where  0(x,A)  =  u_^(x,A)  -  u_(x,A),  x  e  O,  A  e[a,b]. 

7)  Let  q  ^  0  in  O  and  the  interval  (0,b]  be  contained  in 
A.   Then  for  all  A  £  (0,b] 

H(u^(x,A))  <  c^^.  (40) 

This  inequality  is  proved  by  the  same  method  as  was  used  in 
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theorem  4.   In  this  context.  In  place  of  theorem  3  the  following 
easily  seen  assertion  is  employed:   if  q  _^  0  in  O,  then  every 
solution  of  the  equation  G v  =  0  satisfying  the  condition 
v=  0(1x1"^),  7^=  0(1x1"^)  at  infinity  is  identically  zero. 
Inequality  (40)  implies  that,  for  any  finite  interior  subregion 
CD,  there  exists  a  constant  c^^  such  that 

|u^(x,A)|  <  c^^'  (41) 

for  all  X  e  CD  and  A  e(0,b].   Moreover,  it  can  be  proven  that 
u_|_(x,A)  — >v(x),  u_(x,A)  — )  v(x)  as  A  — >+  0,  where  v(x)  is 
the  solution  of  the  equation 

Gv  =  f, 

satisfying  the  conditions  v=  0(|x|"-^),  |^  =  0(|x|"^).       ' 

ox^ 

8)   Let  the  coefficients  a,  „  be  three-times  continuously 

diff erentiable  and  q(x)  be  continuously  differentiable  in  Q. 

Let,  in  addition,  q(x)  depend  only  on  |x|  in  O-Q    .   Then 

A  =  (0,oo).   In  fact,  let  A  >  0  and  u  be  a  solution  of  the 
equation 

Gu  =  Au. 

Then  the  function  u  is  twice  continuously  differentiable  in  O 
(see  S.  G.  Mikhlin  [13]).   It  follows  from  an  argument  of  A.  Y. 
Povzner  ([3],  PP.  153-154)  that  u  =  0  in  O-O   .   Then  by  virtue 
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of  the  uniqueness  of  the  solution  of  the  Cauchy  problem  for 
an  elliptic  equation,  proved  by  E.  M.  Landil  [l4],  we  have 
u  =  0  In  O.   By  the  same  token  A  £  A. 

THEOREM  5.   Let  the  Interval  a  _^  A  _^  b  be  contained  In  A, 
Then  for  any  finite  Interior  subreglon  cd  there  exists  a 
constant  c,/-  such  that 


|u_^{x,A)  -  u^(x,|a)  I  ±  c^^    Ia-^lI. 

for  any  A ,  [i   In  [ a , b ]  ,  and  for  all  x  e  00 . 

Proof:   We  will  carry  out  the  proof  for  the  function 
u  (x,A),  which  we  shall  simply  denote  by  u(x,A). 

We  shall  Introduce  the  notation 

*  l^\    -   u(x,M-)-u(x,A) 
An^"^^ ^T^A 

r    \\    \^ 

He*   )  =  /     ^^ dx 

O  lt|x| 


and  prove  that 


"o(V>  1  <=J7'  '"^^l 


for  all  A,|-L  In  [a,b].   Let  us  assume  the  contrary.   Then  there 

exists  sequences  A  — )  p,  m-  — ^  P  such  that  H  ( 4)     )  — )  00 
n        n  o   A^[x^ 

(henceforth  the  Index  n  Is  dropped) .   Set 


30 


*A.  =  ["o<V'i"'^'v- 


Then 


^V  =  ^V^  [^o^V^^""'^""^"'^^' 


^o^V^  =  ^• 


(45) 


It  follows  from  (45),  (44)  that  it  is  possible  to  select  a  sub- 
sequence (we  will  denote  It  also  by  ^^  )  from  the  sequence  ip^ 

A|X  AM- 

whlch  converges  in  the  sense  (J)  to  some  function  f .      From 
(45)  we  have 


(45) 


Let  X  e  O-O   .   Then 
Po 


^.„(x)  =  jk  f 


Am- 


^l^|x-y|_^i^|x-y|  ^^(^)    ^±v^\x-y\    ^\^iy) 


.(n-A)lx-yl  VH^(*^^] 


dv        |x-y  I     5v 


dS 


(y) 


1 


dS 


(y) 


_i r    e^^'^-yi-e^^^'^-y'    ,  w  ^H 

(ii  7,)  ly  vl u(y,M-)q(y)dy 


O-O 


,i/A|x-y| 

•  |^_y[ —  V'^^(y)q(y)dy  =  ?^U)    +   V^U)    +  F^U)    +  ?i^ix). 


(46) 
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It  follows  from  the  convergence  of  u(x,A)  — )u(x,p)  and  f.      — }  ip 
in  the  sense  (]^)  ,  by  virtue  of  an  embedding  theorem,  that  the 


c)u{y  ,\i) 


'^'^J 


and 


All 


■^^1  |L  (S   )   ^^^  bounded, 
^o 


From  this  and  the  Inequality 

"|x- 
(^x-A)lx-yl 


gl\/Tr|  x-y  I  _gil/X|  x-y  | 


-  ^38' 


which  Is  valid  as  long  as  A_^a  =*0,  \i  ^  a   ^  0,    It  follows  that 

In  the  region  O-O  ,    where  p-,  >  p.   Analogously,  In  the  same 

Pi         ^ 
region 

IP^Cx)!  <  C^Q. 
Inequality  (38)  implies 

Finally, 


o-b 


dy_ 


I    |2|  |l+a  -  42* 
|x-y|  |y| 


By  the  same  token 


IV^'^^I  -  "43' 


(47) 
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H    ('v^)    =    1. 


Passing   to   the   limit   in    (^6),    we   obtain 


^(x)    =^^ 


|x-y|  av 


vi(y) 


5  feii^yi 

^  Ix-y| 


dS 


,i/p|x-y| 


1  _ 


q(y)^(y)dy. 


(48) 


(y) 


(49) 


From   (47)    and   (49)    we  have 


and   the   estimate 


Q-a 


dy 


|x-y| • |y| 


0(|x|-^) 


2+7 


1/6, 


where  0  <  7  <  1,  which  imply  that  ■^^'(x)  =  0(1x1"  '^).   This  and 
(49)  imply  ^(x)  =  0(|x|~    ).   Iterating  the  argument,  we  obtain 
^(x)  =  0(1x1"^  ).   Then  from  (49),  with  the  aid  of  lemma  4,  we 
conclude  -       „ 


dS  -  0. 


It  follows  from  (45)  and  theorem  J>   that  ^  =  0  in  O.   But  this 
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contradicts  equation  (48).   Thus  Inequality  (42)  is  proven. 
With  the  aid  of  an  embedding  theorem,  it  follows  from 
inequalities  (42),  (8)  and  the  equation 


that 


V  ^   V  +u(x,A) 


K^M\    103^(0.) 


in  any  finite  interior  subregion  co. 


Q.E.D. 


THE  PRINCIPLE  OF  LP4ITI1IG  MIPLITUDSS 

We  shall  nov."  consider  another  principle  with  which  it  is 
possible  to  select  a  definite  solution  to  the  problem  under 
consideration  -  the  principle  of  limiting  amplitudes.   Accord- 
ing to  this  principle,  the  solution  of  the  problem  (l),  (2)  is 
defined  as  the  limit 

lim   w(x,t)e-'^^, 
t  ->  +00 

here  w(x,t)  is  the  solution  of  the  mixed  boundary  value  problem 

for  the  equation 

^  +  gv,  =  e-^^^'>(x)  (50) 


3^ 


having  zero  Initial  and  boundary  values.   This  principle  was 
formulated  by  A.  N.  Tlkhonov  and  A.  A.  Samarskll  [15]  and 
justified  In  the  case  of  g  =  -A,  q  =  0,  Q  =  R  .   Several  other 
cases  were  considered  by  A.  G.  Suesknlkov  [l].   0.  A. 
Ladyzhenskaya  [16]  carried  out  the  proof  In  the  case  g  =  -A  +  q, 
Q  =  R^.   The  operator  G  was  assumed  not  to  have  discrete  eigen- 
values.  0.  A.  Ladyzhenskaya  showed  that  even  If  the  operator  G 
has  only  one  discrete  eigenvalue,  the  limit  written  above  does 
not  In  general  exist.   This  circumstance  diminishes  the  value 
of  the  principle  of  limiting  amplitudes  In  comparison  with  the 
principle  of  limiting  absorption  since,  for  the  validity  of 
the  latter,  It  Is  essential  only  that  the  number  A  does  not 
belong  to  the  discrete  spectrum  of  the  operator  G.   However 
there  Is  considerable  Interest  In  the  question  of  the  behavior 
of  the  solution  of  problem  (50)  as  t  — ^  co;  that  Is,  the  question 
of  whether  It  Is  possible  to  obtain  steady-state  oscillations 
from  transient  oscillations  by  passing  to  the  limit. 

In  the  present  paragraph  we  shall  carry  out  the  proofs 
corresponding  to  these  assertions,  retaining  the  assumptions 
of  the  previous  paragraph.   We  shall  also  Introduce  several 
additional  assumptions  guaranteeing  the  absence  of  discrete 
eigenvalues  of  the  operator  G. 

Instead  of  the  above  classically  formulated  problem  (50), 
we  shall  consider  the  problem  of  determining  a  solution  of 
the  equation 
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^  +  Gw  =  fe-^^\  (51) 

dt 

satisfying  the  Initial  conditions 

|t=0    ^  ^^lt=o    ^ 

Here  w  =  w(t)  Is  a  function  of  t,  0  <  t  <  co,  which  is  an 

element  of  the  space  L„(0)  and  has  the  continuous  derivatives 

dw     ,   d^Af 
and  — ^. 

^^       dt 

Let  the  operator  G  he  strictly  positive,  C,-.    e  F,    and  ^^ 
belong  to  the  domain  of  definition  of  the  operator  )/G,    which 
we  will  henceforth  denote  by  F  .   Then  (see  [l?])  there  exists 
a  unique  solution  of  the  problem  (51),  (52).   Moreover  this 
solution  can  be  obtained  with  the  aid  of  the  method  of  Fourier. 

In  the  present  paragraph  we  shall  assume  that  all  the  con- 
ditions on  O,  a,  ^,  q,  and  f  which  were  Introduced  in  §2  are 
fulfilled.   Let,  in  addition,  the  functions  a  .  be  three-times 
continuously  dlff erentlable  and  q  be  once  continuously  differ- 
entlable  in  Q.   Further,  let  q(x)  depend  only  on  |x|  outside 
of  same  sphere   and 

q(x)  >  0  (53) 

in  O. 
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THEOREM  6.   Let  i;,      s  F ,    t;,      e   F    ,    and  also 

in  O-O  ,    where  k  =  1,2,  p  >  0.   Then  the  solution  of  problem 
(51),  (52),  v/here  A  =="  0,  Is  such  that  for  each  polnt-^  x  e  Q, 

llm    we^^^  =  u^(x,A). 
t  ^  +  00 

Moreover  the  convergence  is  uniform  In  any  finite  interior 
subreglon  cd. 

The  proof  is  based  on  the  following  lemma: 

LEMMA  5.   Let  the  function  0(x,<r)  be  defined  for  a  _^  o"  ^  b 
and  X  in  some  set  X.   Let 

|<P(x,or)  I  <  C^,^ 

for  all  X  e  X,  (r£[a,b],  and  for  all  x  e  X  and  cr ^  ,    <r ^   e[a,b] 

where  0  <  7  _^  1.   Then  for  each  number  A,  such  that  a  <  A  ^  b, 
there  holds 

■y,.      r  b   -(Tti 

lim    e^^^  /   \,  ^      4)(x,(r)da-  =  -Tri4>(x,A), 
t  — ^  +  00     -  a  °^~^ 

and  the  lim.it  exists  uniformly  vrith  respect  to  point  x  e  X. 
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The  proof  of  this  lemma  follov/s  easily  from  the  equation 
b 


lim   e     / 
t  ->  +  00     ^  a 


el^d<r=  -TTl. 

(T-A 


Proof  of  Theorem  6.   By  virtue  of  Inequality  (53),  the 
operator  G  is  strictly  positive.   In  addition,  by  remark  (8) 
to  theorem  h,    we  have:   A  =  (0,oo).   By  the  same  token  the 
spectral  function  E   of  the  operator  G  has  no  point  of  dis- 
continuity.  The  solution  of  problem  (51),  (52),  as  it  is  not 
hard  to  verify,  has  the  form: 

"o  "  o  Vj^  "- 


^oo  g-iy^t  _  .^^^  ^^ 


Vcr  sin  y^-y  _ 


o 


Let  us  consider  the  integral 

Obviously  U-|  e  F  for  any  t  >  0;  consequently  (v^e  are  assum.in-g 
m.  =  3),    the  fionction  U-|(x,t)  is  continuous  v.'ith  respect  to  x 
in  O.   We  have : 
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U-,  =  r   cos  Vo^  tdE  f,  +    f       cos  v^  tdE^Ci  ^  uj^^  +  u|^^ 


We  choose  a  number  N  so  large  that  for  all  t  >  0, 
li"i''llL,(0)  '-■ 


Then,  by  virtue  of  (8), 

Hence  by  an  embedding  theorem  [9],  for  x  e  co,  t  >  0, 
\\j[^Ux,t)  I  <  Ci^ge. 

It  follows  from  equation  (59)  that 

\][^Ux,t)   =  ^     f      e^{x,<r)cos  va  td<r  ,  (55) 

where  9^(x,or)  -  u|^^x,(r)  -  Vi[^Ux,(r)  .      In  this  uy^(x,cr)  is 

the  solution  of  the  equation 
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Gu  =  o'u  +  II,-.  , 

satisfying  the  radiation  condition  (24)  and  u  (x,(r)  is  the 
solution  of  the  same  equation  satisfying  the  conjugate  radia- 
tion condition. 

From  equation  (55)  we  obtain,  making  use  of  remarks  4) 
and  7)  to  theorem  h,    that  u|^^{x,t)  — ^  0  as  t  — >  »  uniformly 
in  the  region  o).   By  the  same  token  U,  (x,t)  — >  0  as  t  — >  oo 
uniformly  in  any  Interior  subregion  o).   By  the  same  method 
it  is  not  hard  to  prove  an  analogous  result  for  the  function 

TT  -  r  °°  sin  y/^  t   p  . 
"  o    \/<y 

Let  us  now  consider  the  integral 

;- 00   -l/At   (cos  \/5"  t    -   1    fh    sin  \/^  t) 

U_  =  /    2 =i 1^ ^'dE  f, 

^       -o  cr-A 


which  is  easily  represented  in  the  form 


S 


1 

2Trl 

_  f 

^  o 

(T  -  A 


.  P  e(x,0-)sin^^t  ^^^] 

^^O  {^   +    y/A)/^         J 
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where  9{x,<r)    Is  the  function  Introduced  in  remark  6)  to  theorem 
4.   By  virtue  of  theorem  5^  this  function  satisfies  a  Holder 
condition  with  respect  to  the  variable  0"  .   With  the  aid  of 
lemma  5  and  the  same  reasoning  which  was  applied  above  to 
the  Integral  U,  ,  we  obtain  that  as  t  — >  oo. 


eVAt   U,t)-.5i.f   |li^,^  ^1„^.^_,) 


uniformly  in  cu.   It  follows  from  (54)  that 

^'•^^  '  ^  r  ^^ '^^  -  heU'>-) '  (56) 


11m  we" 

t  ->  00 


and  the  convergence  is  uniform  in  any  interior  subregion  cd. 

Let  u  (x,A)  be  the  solution  of  equation  (12),  where  £  >  0. 
It  follows  from  the  integral  representation  of  the  resolvent 
and  equation  (59)  that 


d 


Passing  to  the  limit  as  e  — >  +  0  and  making  use  of  the  formula 
for  the  limiting  value  of  an  integral  of  the  Cauchy  type,  we 
obtain 

u^(x,A)  =  ^5^  r  ^^  dcr  +  i^(x,A). 
+         27ri  J  „   ''^  -  A         2 
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The  assertion  of  theorem  6  follows  from  this  and  (56). 

Theorem  6  remains  valid  in  the  case  m  =  2.   For  m  =  1 

this  theorem  does  not  hold,  as  it  is  easy  to  see  in  the  case 

2 
case  g  =  -  — —,   O  =  (-00, 00). 
dx" 

We  note  that  a  result  analogous  to  the  assertion  of 
theorem  6  can  be  obtained  for  an  equation  of  the  Schrodinger 

type 

.  Sw         -iAt„/  \ 
i^-gw  =  e    f(x). 
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The  Principle  of  Limiting  Absorption  for  Cylindrical  Tubes 

We  shall  consider  in  the  space  R   of  the  variables 

m 

x-,,Xp,...,x  a  connected  region  O  consisting  of  two  parts  Q' 
and  Q''.   The  part  Q'  is  assumed  to  be  finite  (i.e.  contained 
inside  some  sphere).   The  part  O''  is  represented  by  a  semi- 
infinite  cylinder  x      >   -   /<:,  (x-,  ^Xp^  •  •  •  ^x   -,  ,0)  et^,  where  k    ^  0, 
T)  is  a  finite  (m-l) -dimensional  region,  situated  in  the  hyper- 
plane  X  =  0  and  having  the  boundary  7.   We  shall  call  such  a 
region  O  a  cylinderical  tube.   We  will  assume  that  the  condi- 
tion of  gl  are  fulfilled  and  that,  in  addition,  q  =  0,  f  =  0, 

Let  r\     be  the  intersection  of  the  region  Q''  with  the  hyper- 
plane  X  =  z;  7   the  boundary  of  the  region  r)^;  O^  the  totality 
of  all  points  of  the  region  O  for  which  x^  <  z ;  Q  the  totality 
of  all  points  of  P f or  which  x   <  z;  Q    ,  where  -  k  <  z,  <  z^, 
the  totality  of  all  points  of  the  region  O''  contained  between 

the  hyperplanes  x  =  z, ,  x  =  z„;  and  P     the  totality  of  all 
m     JL    rn.     ^        2-iZ^ 

points  of  P contained  between  the  same  hyperplanes.   We  shall 

°(2) 

Introduce  the  class  of  functions  D   '  ,  where  -  /c  <  z   <  z    ,    as 

^1^2  ^    ^  ' 

the  completion  in  W^  ^ (O    )  of  the  set  of  functions  defined  in 
2     z^z^ 

O     and  vanishing  in  boundary  strip  along  P    .   Note  that 
^1^2  Q         ^12 

for  all  functions  *,  such  that  *  e  D^^;  O  W^^MO^  ^  ), 

^1^2     ^     ^l"'2 
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A4)  e  L  (Q    ),  there  holds  the  following  inequality,  analogous 


to  inequality  (9) 


k=l 


dx 


c^^    f     [h|2  +  |A*|^]dx,  (57) 


■1^2 


'1^2 


where 


z^  <  z^  <  z^  <  Zg,  c^^^  =  c^^(z^,Z2,z-^,zp 


Let  now  ^   e   L^(0   ^  ),  |^  e   L„(Q^  ^  ).   Then,  as  it  is 
2   z^z^   6x^  2   z^z^ 


easily  seen. 


/l*l^dxi^-|^   /  |*|^d.  +  2iz,-.J   / 


dx,      (58) 


'1^2 


where 


i  =  1,2,  -   K   <   z-^    <   z^,    dx  =  dx-j^dx^,.  .  .,dx^_^ 


"(2) 
We  shall  denote  by  D^    '    the  totality  of  all  functions  <t> 

°(2) 

which  are  defined  in  O''  and  for  which  4)  e  D'  '   for  any  z-,,z„, 

Z  -|  Zp  X         c. 

where  -  i<  <  z-,  ■<  Zp. 

Let  M,,  and  *,  (x)   be  the  eigenvalues  and  eigenfunctions  of 
the  equation 


a  Sx' 


ix*  =  0 


(59) 
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In  the  region  t]   with  the  initial  condition  0|   =  0,  regarded 

o  ^ 

in  the  sense  *  e  D(ri).   Here,  as  usual,  [i,     <   M-|^ , -,  • 

LEMMA  6.   Let  V  =  v(x,x  )  be  the  solution  of  the  equa- 
tion 

Av  +  TV  =  0 

(t  is  a  complex  number,  i  ^   \i,,    k=l,2,...)  in  the  region  O'  ', 

o  /  p  \   >  i 

satisfying  the  condition  v  e  D    ,  ^— ^  e  L„(0    ),  where 

ax;:      ""1^2 
m 

i=l,2, .  .  .  ,A,   A  _^  2,  z-^,z^   any  numbers  such  that.  -   K    <   z.,  <  Zp, 
Then  the  function  v,  considered  on  any  cross-section  t)  ,  ls_ 

such  that  — X-  e   L^{r]    ),  where  i=l,2,  .  .  .  ,.A -1 .   Moreover,  if 
,^i     2   z 

gj^(z)  =  /  v(x,z)*^(x)dx. 


where  z  >  -  (C,  it  is  possible  to  differentiate  under  the  integral 
sign  A -1  times,  and 

\/ir~^  z        -/^, -T  z 

gl,(z)  =  b^^e  ^    +  b^e   ^     ,  (60) 

where  b,'  and  b,"  are  constants. 
k  k  

Proof.   Inequality  (58)  implies  that  — j   e  L  (t^  )  and  each 

Sx 
m 


of  the  integrals  / 


^^m 


2 
dx  is  uniformly  bounded  in  any  finite 
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Interval  z-,  ^  z  ^  Zpj  where  &=1 ,2,  . . .  ,/\-l.      This  Implies  the 
uniform  convergence  of  each  of  the  Integrals  /   — X-   4),  dx 
(i=l,2, .  .  .  ,A-l)  in  any  interval  z,  j^  z  ;^  Zp.   By  the  same  token 


^k      r  ^\ 

r  =       —J 


dx 


7~^  J       ^    Ji    ^ 
dz      ^'  T)  dz 

where  ^=1,2, . . . ,A-1.   Let  -  K  <  z^  <  z.   Then 

/   *^Av  dx  =    /   V  A*^dx  +  g^(z)  -  &{^iz-^)  , 

Z-,  Z  Z-|  z 

whence 

(i-Ij..-t)    /   v*^dx  =  g^(z)  -  g^iz^). 

O  "' 

z^z 

Differentiating  this  identity  with  respect  to  z,    we  obtain 


g^(z)  =  (H^^-T)g^jz), 

which  Implies  (6o). 

Q.E.D. 


LEMMA  7.   Let  u(x)  =  u(x,x  )  be  the  solution  of  equation 
(12) ,  where  e  4  0.   Then  — ^  e  D^   ,  where  k=0,l,2, . . .   More- 

ax^  

m 
over. 
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v/^Li  -A-el 


/ 


u(x,z)<f^(x)dx  =  b^e     ^       ,  (61) 


where  (R/fx,  -A-el  >  0,  and  b.  Is  a  constant. 

For  the  proof  of  the  lemma,  let  us  first  assume  that  the 
functions  q  and  f  are  continuously  dlf ferentlable  in  Q  +  P* 
By  means  of  the  method  of  finite  differences,  solutions  of  the 
equation  gv  =  (A+ei)v  +  f  in  the  region  O   can  be  constructed 
which  belong  to  the  class  |^  =  D(Q^)  A  W^   (O^ )  .   In  view  of  the 
fact  that  the  difference  relation  of  any  order  taken  with  respect 
to  X  are  equal  to  zero  on  that  boundary  strip  of  lattice  points 
where  -   K   <  x      <  z,  it  can  be  proven,  using  differences  analo- 
gous to  Inequality  (57)  ^  that  for  any  z-,  jZq  such  that  -  k  <  z-, 
'  1a.    °(2) 


z 


e  D^  '^  .   In  this,  the  method  of  [8]  is  utilized. 


m 


Reasoning  in  the  same  way  as  in  the  proof  of  lemma  5,  it  is 

possible  to  eliminate  the  restriction  Imposed  on  q  and  f. 

We  now  put  u  =v   lnO,u  =0  1n  Q-O  and  let  z  tend  to 
■^     z     z      z '   z  z 

+  00.   Then  according  to  theorem  1,  u„  — >u  in  w);  '  {O)    and,  con- 
A  z  ^ 

sequently,  -r— ^  — ^  1^~   ^^  L„(0).   Choose  the  numbers  z-,  and  Zp  ^ 

m     '"m 
-  K  <  Z-,  '^  Zp-'  arbitrarily.   It  follows   from  Inequality  (57) 

Su  /-^\ 

~r —  converges  in  Wp   (Q    )  as  z  — )  £»,  which  implies  that 


m  12 

2 

|i^  e  D<^'  and  also  that  — ^  -^  ^  In  L  (O    ).  Prom  the 
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latter  fact  we  obtain  in  an  analogous  manner  that  — ^  e  D^  ' 
and  — ^ ^ — ^  in  L„(n  ^  ).   By  induction  we  have 

— ^  e  D^   ,  where  k=l,2,...  .   Lemma  6  and  the  fact  that  u 

m 
belongs  to  L„(0)  implies  equation  (6l). 

Q.E.D. 


It  was  shown  in  Jones  [l8]  that  the  spectrum  of  the 
operator  G  is  discrete  to  the  left  of  the  point  \x.    and  con- 
tinuous to  the  right  of  this  point.   Denote  by  A   the  set  of 
all  points  of  continuity  of  the  spectral  function  of  the 
operator  G  which  do  not  coincide  with  any  of  the  points  [i  . 

THEOREM  7.   Le^  AeA^,^,   "^A<^^^.   Then  there  exists 

not  more  than  one  solution  u  =  u(x,x  )  of  equation  (lO)  for 

which  -T^  e  ^ di^)  and 
ox^    -   ^ 


-/[^v-A  z 


y^u(x,z)4>^(x)dx  =  a^e'  ^'    ,  (62) 


T 


^H(|^*,(S)dx.-a,Vt;^e■''^^  (63) 


where  z  >   -   K,    a^^  is  a  constant,  and  y/i-i.  -A  =  -i  ^/Tk-ii,       for 
1  1  ^  1  P- 
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Proof.   Consider  a  solution  of  the  equation  Gu  =  Au, 

satisfying  conditions  (62)  and  (63).   Expanding  the  functions 

u  and  4^  In  a  Fourier  series  with  respect  to  the  *^  In  the 
m 


e      ^   *,  +   5   a,  e 


u  =  ^-  -  ^'"-^''^^   ■    --.  „   -k 


i^  l'  l'   k=tCT  ''  ''■ 


Substituting  these  expressions  In  the  equation 


we  obtain 


u  ^  .  u  1^  1  dx  =  0. 


21  ^|a,  |2  v/Aqi~=  0. 


whence  a,  =  0  for  k=l,2,...,p.   By  the  same  token 


^  =   III  ^k 
k=p+l  ^ 


e         *  , 
,  ,   -.  k' 

p+J 


In  any  cross -section  ri  ,    where  z  >  -  IC,  which  Implies  that 
u  £  L  (q)  .   By  theorem  2,  u  £  F.   Consequently,  since  A  £  k-^, 
then  u  =  0. 

Q..E.D. 
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THEOREM  8.   Let  A  e  A^.   Then  the  solution  u^  of  equation 

(12)  as_  e  — ^  +  0  tends  In  the  sense  (^)  to  a  solution 

u  =  u(x,x^)  of  equation  (lO) ,    for  which  -^   e  L  (t]  )  ,  where 

m 
"z    >  \(~ ,    and  which  also  satisfies  equation  (62)  and  (63). 

Proof.   We  shall  prove  first  that,  no  matter  how  z   >  0 
Is  taken,  the  Integral 

°     n 

z 
o 

Is  uniformly  bounded  with  respect  to  e,  where  1  _^  e  =*  0. 

We  shall  use  the  same  argument  as  for  the  proof  of  theorem  4. 

Let  us  assume  that  for  some  sequence  e  — >  0,  h   (u   )  — )oo, 

o   n 
where  z   Is  fixed.   Henceforth  the  Index  n  will  be  dropped. 


We  put 


Then 


l\("e>l"'^\' 


o 

gVg  =  (A+el)Vg  +  [h^  (u^)]"^/^f. 
o 

It  follows  from  this  that  It  Is  possible  to  select  a  subsequence 
(we  will  denote  It  also  by  v  )  from  the  sequence  v  which  con- 
verges In  any  region  O^,  where  z  '^   'z-    ,    In  the  sense  W^   (O  ). 
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Then  v   converges  in  each  cross-section  -f]^,    z  <  z^,    In  the 
sense  of  Lp(ri  ).   In  particular,  this  Is  valid  for  z  =  0, 


By  virtue  of  lemma  7, 


^  -y/fxT^A-ei  z 

^b.(£)e   ^       \,  (65) 

(i^  y^i:^^rAr£T  >  0. 

It  follows  from  the  convergence  of  v^  in  r\^   in  the  sense 


space 


of  ^^(ti^)  that  the  elements  f  ^i^^^))  k=l,2,...  °^  ^^^ 
^P  tend,  in  the  sense  of  convergence  in  that  space,  to  some 
element  J  ^^ 7  ^^^  2  . . . '   As  e  — >  +  0  and  for  k=l,2,...,p, 
where  \i      <  A  <  M-p^^j  we  have  y/[i^-'K-e±   — ->  -  v/A-m-^.   If  k  >  p, 
then  VM^^^^Tv^eT  — >  v/il^^.   It  follows,  with  the  aid  of  (65), 
that  V   converges  to  some  function  v  in  any  region  Q^  in  the 
sense  W^  ^(O  ).   Expanding  the  function  v  in  any  cross-section 
■n  ,  where  z  >  -  IC,  with  respect  to  the  eigenfunctions  <t)^,  we 

have  

e        *v+   Z:Zt)^e   ^    4).  (66) 


I^V 


Further,  v^  — )v  in  the  sense  (^) ;  consequently,  the  function 

Gv  =  Av.  (67) 


£ 

V  satisfies  the  equation 
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Sv, 


e   °(2) 
By  virtue  of  lemma  7 ,   ^ —  e  D    .   Prom  the  convergence 

dv     N 

■^ ^  3x~  ^^  ^'^^  sense  L^CO^  ^  ),  where  z-.^^^  are  arbitrary 

mm  '1 

numbers  greater  than  -  k,    and  the  Inequality  (57):,  we  obtain 

Sv^  (1) 

that  the  sequence  -s. —  converges  in  the  sense  of  W^   (O    )  . 
P    m  ^     ^1^2 

S  V 

Consequently,  — o~  belongs  to  L„(n   ^  ). 
m 
By  virtue  of  lemma  6,  ^^  e  L  (ri^)  and  the  development  of 

the  function  -^^   In  the  cross-section  t]   In  terms  of  the  func- 

m 
tlons 

^=iZ=\/^^e        \  -^^Elb^v^i^e   ^    .^.   (68) 

It  follows  from  [66),    (67),  (68),  and  theorem  7  that  v  =  0. 
But  that  contradicts  equation  (64).   By  the  same  token  the 
Inequality 


/ 


O 

^o 


is  proven. 

With  the  aid  of  this  Inequality,  we  prove,  using  the  same 
argument,  that  It  is  possible  to  select  a  subsequence  from  u 
which  converges  in  the  sense  (J)  to  some  solution  u  of  equa- 
tion (10),  satisfying  the  conditions:  -^^   e  LAt]    ),    (62), 


^u 

^m 
(63).   Then,  by  theorem  1,    u  — )u   In  the  sense  (]^)  . 


6 

Q.E.D. 
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THEOREM  9.   Let  the  Interval  a  j^  A  _^  b  be  contained  In  A 


Let  u(x,A)  be  the  limit  of  u  as_  e  — >+  0  that  was  constructed 
above,  considered  as  a  function  of  x  and  A,  where  x  £  O, 
A  e[a,b].   Then,  for  any  z  ,  there  exists  a  constant  Cc]_(z^) 
such  that 

r  |u(x,A2)  -  u(x,A^) l^dx  <  c^^Ia^-A^I^,  (69) 

O 
^o 

where  5=2,  holds  for  all  A-j^,A2  in  [a,b]  . 

Proof:   Let  us  Introduce  the  following  notation: 

u{x,A-|_) -uCxjAg) 
A-,  A^  A-|  -Ap 

L     d  O  -L  ^ 

Assume  that  the  asserted  theorem  Is  false.   Then  for  some 

z   >  0  there  exists  subsequences  a|^  and  A^   j  where  a|^  ,A2 

e[a,b],  such  that  a|^^  ->A,A^^^  -^A,  h      (X  "(^\(^^)  -4  co 

1         d  ^o   ^1    2 

(henceforth  we  drop  the  Index  n)  .   For  ^-,  -,   there  holds  the 

^1^2 
equation 

h^   (^^   ,    )   =:   1,  (70) 

^o  ^1^2 

and  the  relation  analogous  to  (45).   This  Implies  that  It  Is 

possible  to  select  a  subsequence  (we  denote  It  also  by  ^,  ,  ) 

^1^2 
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from  the  sequence  -ip     ^   which  converges  in  the  sense  of 

W^   (O   )  .   Then  ^-,  ,   converges  In  the  cross-section  t)   in 
^    Zq  A^A2  o 


terms 


the  sense  L„(r)  ).   The  development  of  function  f     ,   in 

do  A-|  Ap 

of  the  functions 

positive  number,  has  the  form: 


!\    7,   -  LZ  ^iMi  .Ap,z)<})  ,  (71) 


where 


a,  (A,  )e   '"   -"    -  a,  (A^)e 


(^-^2^  »/V^V^ 


.^(A.)  =  e  '^^   ^    /  u(x,A.)0^(x)dx   (1=1,2). 


It  follows  from  the  convergence  of  the  sequence  i/-.    ^      in  r) 

A^A^      c 


2,. 


in  the  sense  LAr\    )    that  the  element  -J  P,  (A-,  ,Ap,0)  I        -, 
of  the  space  i^   tends  in  the  sense  of  convergence  in  ,£„  to 
some  element  ^   P,  I  y-^-\    o     *   ^^  represent  equation  (71)  in 


the  form 


where 


^^1^2    ^^^2    ^^^2 
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^1^2   fel  ^  1  2  k 

Note  that  the  Integral  /   |u(x,A)|  dx  Is  hounded  uniformly  for 

^% 

g^  2 

A  £[a,b].   This  implies  that  the  sum  )    |a,  (a)|   is  hounded. 

k=l   ^ 

From  this  it  follows  that  V'l  ^  — >  0  in  the  sense  of  ^^(ri^)  i^ 

any  cross-section  t^  ,  and,  moreover,  that  the  convergence  is 
uniform  with  respect  to  z  in  any  finite  interval.   Analogously, 


^1^2     fel   1^  ^ 

in  any  ri  .   By  the  same  token  the  sequence  ^,  ->   converges  to 

some  function  tp   in  any  region  Q^  in  the  sense  of  L^CO^),  and 
consequently,  also  in  the  sense  (^)  .   Moreover  the  development 
of  Tp   in  the  cross-section  r\     has  the  form 


IZP.e   "^    *,.  (72) 


We  have : 

G^  =  A^, 


h^  (V/)  -  1.  (73) 

o 
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It  was  established  In  the  proof  of  theorem  8  that  -r —  con- 

verges  as  e  — 7>  +  0  In  the  sense  W^  ^  (O    )  .   Consequently 

^^-\  -), 
Su     °{2)  '^1^?    °(?) 

•^   e  D^"S  which  Implies  that   s     e  D^''''.   From  this, 

m  "^m 

with  the  aid  of  Inequality  (57) j  we  obtain  that  the  sequence 

12  (l) 

— V- converges  In  the  sense  of  W^   (O  ^    )  ,    where  z-,  and  z„ 

oxj^  2     z^z^  1      2 

are  any  numbers  such  that  -  k  <  z,  <  Zp.   By  the  same  token, 

2 
— |-  e  L  (O    ).   This  Implies  that  -v^  e  L„(ri  ),  by  lemma  6, 
Sx^    ^   ^1^2  "^"^m    ^   ^ 

and  that  the  development  of  the  function  V'  in  rj  ,  by  virtue  of 

z 

(72),  has  the  form: 


^=-5=p.v^e-'^^ 


m     k=l 

Then,  by  theorem  7,  -^  =  0  In  O,  which  contradicts  equation  (73). 

Q.E.D. 

For  the  remainder,  we  need  two  lemmas.   Let  oo  be  an 

arbitrary  finite  region  with  boundary  7,  and  7  be  some  part 

o 
of  the  boundary  7.   Denote  by  D   (cjd)  the  closure  In  the  metric 

Wp   (od)  of  the  set  of  functions  defined  In  oj  and  vanishing  In 
a  boundary  strip  along  7  .   In  addition,  denote  by  H  (00)  the 


56 


set  of  functions  defined  In  oo  whose  partial  derivatives  of 

order  IC   satisfy  a  Holder  condition.  Let  x  be  a  point  on  7. 

Denote  by  K  (x)  the  totality  of  all  points  of  od  whose  dis- 
tance from  X  Is  less  than  p. 

LEMMA  8.   Let  7  be  a  Lyapunov  surface.   Let  w  belong 
o 
to  the  class  D   (cd)  and  be  the  solution  of  the  equation 
^o 

Aw  +  Aw  =  0. 

Then  for  any  Interior  point  x^  of  the  set  7^,    there  Is  a  p 
such  that  w  e  H-|^(K  (x^)). 

Proof.   Let  x  be  an  Interior  point  of  7^.      VJe  shall 
construct  a  region  o)  ,  bounded  by  a  closed  Lyapunov  surface 
7-,  ,  such  that  cd.,  d  cjo  and  the  surfaces  7^  and  7-^   have  the 
common  part  7^,    where  x^  Is  an  Interior  point  of  the  set  7^. 
we  fix  some  p  >  0  such  that  there  Is  no  point  of  the  set 
7-,  -  7p  In  the  sphere  of  radius  p.   Then  K  (x^)  CL  (x>-^.      Let 
I  (x)  be  some  function,  twice  continuously  dlf f erentlable  in 
CD-,  ,  such  that 


ep(x) 

=  1  m  yx^), 

2 

5p(x) 

=  0  in  CD.  -  K^(x^). 
1     P   0 

0 

Set 

-p  =  «^p- 

Then  v   £ 
P 

D(cD^)  and  the  funct 

the 

equation 

%  = 

-  ^^p  +  ^p^ 
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^  ^^^  aw 


In  CD  ,  where  ip     =  wA^   +  2  >   -v-^  -v^-   The  function  ^  (x) 
P      P     k=l  "^^k  ^^k  P 

in  zero  outside  the  region  M  =  K  (x  )  -  K  (x  ). 

2 

Let  N(x,y)  be  the  Green's  function  for  the  Laplace  operator 

in  the  region  co  .   Then,  as  is  easily  seen, 

V  =  -A  '  N(x,y)v  (y)dy  +  /  N(x,y)^  (y)dy. 


Integrating  k  times  and  denoting  the  iterated  kernel  generated 
from  N(x,y)  by  N„(x,y),  we  obtain 

Vp(x)  =  (-^)^/  Nj^(x,y)Vp(y)dy  +  r;:  (-A)^-^^  N^^  (x,y)^p  (y)  dy . 
1  P 

By  setting  k  =  ^  +  1  here  and  making  use  of  the  facts  that 
V   e  Lplco  ),  f     £   L  (o),),  we  obtain  that  the  function  v  ,  and 
consequently  also  the  function  w,  is  bounded  In  the  region 
K  (x  ).  Prom  the  equation 

V  (x)  =  -A    /   N(x,y)v  (y)dy  +    T  N(x,y)^  (y)dy 

and  the  estimates  of  the  derivatives  of  the  Green's  function 
[19],  it  follows  that  the  derivatives  ;r^  is  bounded  in  the 
region  K  (x  ) ,  where  r  =  ttP • 
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It  is  well  known  (see  [20],  p.  289),  that  the  function 
P(x)  =   rN(x,y)v(y)dy, 


where  v(y)  Is  bounded  in  cd,  belongs  to  H^  (od  )  .   It  follows 
from  the  equation 


v^(x)  =  J         ^U,j)^f^{j)    -   Av^(y)] 


dy; 


K  (x  ) 
r   o 


by  virtue  of  the  proven  boundedness  of  Tp      -  Av   In  K  (x  )  , 

^r     r     r  o  ' 

that  v^  e  H^(oo-^).   This  Implies  w  e  H  (K  (x  )  )  . 

2 

The  proof  of  the  lemma  Implies  that  the  function  w  and 

SiW  I 

its  derivative  -^^   are  continuous  up  to  7  ,  and  also  wl    =  0 
in  the  classical  sense. 

LEMMA  9-   Let  the  surface  P  be  a  Lyapunov  surface  for 

any  z.   Let  w  be  the  solution  of  equation  (7^)   in  the  region 

o 
O  belonging  to  D.   Then 


2   [ 

d 


dx  -   /  (x  +t) 

,/    m 


|;-|  cos(v,xjdr^i  (z) 


(75) 


where  t  is  a  constant,  v  is  the  outer  normal,  and 
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^^(z)  =  (z+t) 


a|w| 


^3r 


2    m-1 


S>w 


3Z 


dx 


m 


Proof:   It  follows  from  lemma  8  that  the  function  w  and 
its  partial  derivatives  of  first  order  are  continuous  up  to 
the  boundary  f*  ,    and  also  that 


0. 


(76) 


It  is  not  hard  to  verify  that 


m   ' 


^_Aw  +  g^Aw  dx  =     J 
.  m        m   J      ^ 


m-1 
> 

Sw 

^w 

2 

ax. 

k=l 

dx 


(x  +t) 
m 


Bw   Sw    ^w   Sw 
dx   6v    dx   BV 


m 

zz 

k-1 


cos(v,x  ) 


ir'. 


where  f^  =  P^  +  'H^*   ^^  follows  from  (76)  that 


dw    dw    ,  ,    . 
^—  =  3^cos(v,x,). 


The  last  three  equations,  together  with  (7^),  now  imply  equa- 
tion (75). 

We  remark  that  the  identity  (75)  is  analogous  to  an 
identity  of  Rellich  [21]. 
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We  shall  now  Impose  several  additional  restrictions  on 
the  coefficients  of  our  equation  and  on  the  region  O.   We 
will  assume  that  a^^  =  5^^  everywhere  in  O,  and  that  g  =  -A. 
In  addition,  we  shall  assume  that  the  cylindrical  tube  of  Q 
satisfies  the  following  condition: 

1)  For  any  z  the  surface  [*  is  a  Lyapunov  surface. 

2)  Every  straight  line  parallel  to  the  x^  axis  having 

a  point  in  common  with  r)  intersects  the  surface  Pin 
one  and  only  one  point. 

3)  If  the  point  (^j' • • • '^^-I'^m^  belongs  to  O,  then  the 
point  (x-,, '^m-1'*^^  belongs  to  r\. 

We  shall  call  such  a  region  a  rectilinear  cylindrical 
tube.   In  this  special  case  it  is  possible  to  obtain  stronger 
results  than  those  proven  above. 

First  of  all,  as  shown  by  Rellich  [21],  the  operator  G 
does  not  have  discrete  eigenvalues.   However  Rellich 's  proof 
contains  an  error  in  connection  with  the  fact  that  the  eigen- 
functions  are  in  advance  assumed  to  be  analytic  up  to  the 
boundary  of  f*  >    and  also  the  smoothness  condition  imposed  on 
pare  generally  not  formulated.   We  therefore  present  a  correc- 
ted proof  of  that  assertion. 

THEOREM  10.   Let  O  be  a  rectilinear  cylindrical  tube  and 
g  =  -A.   Then  the  operator  G  does  not  have  discrete  eigen- 
values. 


6i 

Proof:   Let  us  assume  that  A  is  a  discrete  eigenvalue 
and  u(x)  is  the  corresponding  eigenfunctlon.   Let  the  number 
T  be  such  that  x   >  -t  in  Q.   From  lemma  9  and  the  Inequality 
cos(v,x  )  ^  0,    which  is  valid  due  to  the  conditions  imposed 
on  the  boundary  Pj  we  have 


O 


2 

dx  <  ^^(z).  (77) 


In  view  of  the  fact  that  u  e  Wp   (O) ,  there  exists  a  sequence 

z^  — >  00  such  that  *(z^)  — )-  0.   By  the  same  token,  it  follows 

from  (77)  that  y^  =  0  in  O,  which  implies  that  u  =  0  in  Q. 
m 

Q.E.D. 


THEOREM  11.   Let  the  conditions  of  theorem  10  be  fulfilled. 
Then  the  assertion  of  theorem  7  holds  for  any  real  A. 

Proof:   For  a  nximber  A  which  does  not  coincide  with  any 

[I..,    the  assertion  of  the  theorem  follows  immediately  from 

theorems  7  and  10.   Now  let  A  =  I-l,  .   Let  u  be  the  solution  of 

the  equation  Gu  =  Au,  satisfying  the  conditions:   -r^  e  L  (t)  ), 

m 
(62),  (63).   With  the  aid  of  the  argument  employed  in  the  proof 

of  theorem  7,    we  obtain  that  the  developments  of  the  functions 

u  and  -^—   in  the  cross -section  t]  in  terms  of  the  functions  <t>, 
°  m  ^  ^ 

have  the  form: 
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00      -|/u,  -A  z 
u  =  a  4>  +   }        a,  e    ^    <i>,  , 


"^^^m     k=p+l  ^^   '^ 


whence 


^      k=p+l   ^^     ^ 

It  follows  from  lemma  9,    as  above,  that  Inequality  (77)  is 

valid  for  the  function  u.   Letting  z  tend  to  infinity,  we 

obtain:   ^^ —  =  0  in  O,  which  implies  that  u  =  0  in  O. 
m 

Q.E.D. 

With  the  aid  of  theorem  11,  the  proofs  of  theorems  8  and 
9  easily  extend  to  the  case  of  arbitrary  A. 

THEOREM  12.   Let  Q  be  a  rectilinear  cylindrical  tube, 
and  g  =  -A.   Then  the  assertion  of  theorem  8  is  valid  for  any 
real  A.   Moreover,  for  any  finite  interval  0  j^  A  j^  b,  the 
assertion  of  theorem  9  holds,  where  6=2  if  the  interval 
a  ^  A  ^  b  does  not  contain  any  of  the  points  \i.,    and  where 
5=1  if  this  rectangle  contains  even  one  such  point. 

In  the  case  m  =  3  theorem  12  implies  that  for  any  interval 
a  j^  A  _^  b  and  for  any  finite  interior  subregion  co,  there  exists 
a  constant  c^^   such  that 
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|u^(x,A2)  -  u^(x,A-|_)  ^  c.-^l'K^-T.-^l    '     , 


where  a  j^  A,  ^  Ap  ^  b,  x  e  cd.  This  inequality  Implies, 

just  as  In  §3,  that  In  the  case  m  =  3,  g  =  -A,  and  O  Is 

a  rectilinear  cylindrical  tube,  the  assertion  of  theorem 
6  is  valid. 


(Received  by  the  editors  9/19/1960). 
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FOOTNOTES 


1.  In  equality  (4)  and  what  follows,  c,  denotes  a  positive 
constant. 

2.  Condition  (5),  (6)  were  Introduced  by  M.  Sh.  Blrmanom 

m  [5]. 

3.  An  analogous  theorem  in  the  case  g  =  -A,  O  =  R^  was 
proved  by  Carleman  [10]. 

4.  Uniform  convergence  for  m  >  3  does  not  hold  In  general. 

5.  Here  It  Is  assumed,  as  In  §2,  that  O  Is  a  region  In 
three-dimensional  space. 

6.  The  Integral  Is  to  be  understood  In  the  sense  of  a 
Cauchy  principal  value. 

7.  X  denotes  a  point  In  the  space  of  variables  x^,x^, . . . ,x^ 


8.  Let  M-   "^  a  <  b  <  M-  ^j_-   Then  for  k  _<  p,  v/M-^-A  =  1  \/A-|-l^, 
where  A  e[a,b] . 

9.  The  considerations  of  the  paper  are  still  true  under  the 
restriction  a  =*  0  only.   One  has  to  use  Kato's  [22] 
result  about  the  growth  properties  of  the  solutions  of 
reduced  wave  equation  In  place  of  the  proof  of  theorem  3- 

10.  This  restriction  Is  not  necessary,  see  Ikebe  [25] • 
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